Abstract. Hypercyclicity of C 0 -semigroups is a very unstable property: We give examples to show that adding arbitrary small constants or a bounded rank one operator to the generator of a hypercyclic semigroup can destroy hypercyclicity. Also the limit of hypercyclic semigroups (even in operator norm topology) need not be hypercyclic, and a hypercyclic semigroup can be the limit of nonhypercyclic ones. Hypercyclicity is not inherited by the Yosida approximations. Finally, the restriction of a hypercyclic nonnegative semigroup in a Banach lattice to the positive cone may be far from hypercyclic.
Introduction and main results
Throughout this paper, let X be a real or complex (infinite dimensional) Banach space. A family S(t) of continuous linear operators on X is called a strongly continuous semigroup iff it satisfies
S(0) = id, S(t + s) = S(t)S(s) for all nonnegative s,t, S(t)x depends continuously on t for all x.
For a concise treatment of strongly continuous semigroups we refer to [7] . In the last years we see an increasing interest in the analysis and applications of irregularly behaved solutions. An extreme case of instability and irregular behavior is observed in the case of hypercyclic semigroups. Just to mention a few recent references on this topic and its applications we cite [1] , [2] , [3] , [6] , [8] , [9] .
Definition 1. The semigroup S(t) is called hypercyclic iff there exists some vector x such that its orbit {S(t)x | t ≥ 0} is dense in X. Any such vector x is said to be a hypercyclic vector for S(t).
This paper is a collection of examples which show that hypercyclicity is a very fragile property, which is destroyed by very small perturbations.
Our first example shows that hypercyclicity may be destroyed even by bounded perturbations of rank one:
Example 2. For any hypercyclic semigroup S(t) with infinitesimal generator A there exists a bounded linear operator B such that the semigroup generated by A + B is not hypercyclic.
The (surprisingly simple) details of this result as well as the details of the following examples will be given in Section 2.. 
It is clear that for any hypercyclic semigroup S(t) generated by

S(t) are hypercyclic.
Moreover, limits of hypercyclic semigroups need not be hypercyclic, and limits of non-hypercyclic semigroups may be hypercyclic. Thus, in the sense of Kato-Trotter convergence, neither the hypercyclic semigroups nor the non-hypercyclic semigroups form an open set.
Example 4. There exists a semigroup S(t) which is not hypercyclic, and a sequence of hypercyclic semigroups (S n (t)), such that S n (t) − S(t) converges to 0 uniformly for t in compact intervals.
In fact, even the Yosida approximation of a hypercyclic semigroup need not inherit hypercyclicity: In order to motivate the next property, let us consider a situation which occurs frequently in applications. The semigroup under investigation describes the time evolution of a physical or biological process which is characterized by a densitiy function. Typically, hypercyclicity can be shown by spectral methods in a complex space. However, physical or biological interest centers only on nonnegative solutions. Thus, consider a (real) Banach lattice X with a nonnegative semigroup S(t), and letX be its complexification. The extension of S(t) toX is calledS(t). It is easily seen that hypercyclicity ofS onX implies that S is hypercyclic on X. However, this does not imply hypercyclicity of the restriction of S to the positive cone: Recall that a semigroup T (t) cannot be hypercyclic if the point spectrum of A * is nonempty ( [5] ). So, let A be the infinitesimal generator of a hypercyclic semigroup on a Banach space X. Let ·, · denote the pairing between the dual space X * and X. We choose some v ∈ X and u * ∈ D(A * ) such that u * , v = −1. We define a bounded rank one operator B by
we infer that u * is an eigenvector of (A + B) * with eigenvalue 0. Therefore B cannot be the generator of a hypercyclic semigroup on X.
Translation semigroups
Translation semigroups are a good source of examples, since for these semigroups there exists a particularly easy characterization for hypercyclicity.
We introduce suitable Banach spaces such that this left translation forms a semigroup:
is called an admissible weight function on R iff there exist some M ≥ 1 and ω ≥ 0 such that for all t ∈ R and h ≥ 0 we have
ρ(t).
A measurable function ρ :
Definition 9. Let ρ be an admissible weight function on
R. For p ∈ [1, ∞), we define L p ρ (R) = f : R → R | f measurable and R ρ(t)|f (t)| p dt < ∞ , f p p,ρ = R ρ(t)|f (t)| p dt.
An analogous definition is given for
Definition 10. Let ρ be an admissible weight function on R. We define
On these spaces, hypercyclicity of the left translation admits an easy characterization:
Let ρ be an admissible weight function on R, and let X be one of the spaces
The family T (t) of left translations is a strongly continuous semigroup on X. Moreover, T (t) is hypercyclic iff there exists a sequence
Let ρ be an admissible weight function on [0, ∞), and let X be one of the spaces
)). The family T (t) of left translations is a strongly continuous semigroup on X. Moreover, T (t) is hypercyclic iff there exists a sequence
t n → ∞ such that ρ(t n ) → 0.
Example 3
We shall construct an admissible weight function ρ such that the left translation T (t) is not hypercyclic on X = L p ρ (R), but for all sufficiently small λ > 0, the semigroups e λt T (t) and e −λt T (t) are hypercyclic.
We first choose some µ ∈ R and set σ(t) := exp(µt)ρ(t), Y := L Then the operator
is an isometric isomorphism and we have As a consequence, if we put µ := λp, we see that S(t) and hence also e −λt T (t) are hypercyclic on Y and X, respectively, iff there exists a sequence t n → ∞ such that both, σ(t n ) = e pλt n ρ(t n ) and σ(−t n ) = e −pλtn ρ(−t n ) converge to 0 as n → ∞.
S(t)F = e
After this preparation, we are ready to construct the desired weight function ρ(t):
For n = 1, 2, 3, · · · we put s n = 2 · 9 n and t n = 6 · 9 n . This implies in particular that
Note that ρ is continuous and admissible. The key idea is that whenever ρ(−t) < 1 then we have ρ(+t) = 1, and hence there is no sequence (u n ) such that ρ(u n ) and ρ(−u n ) both converge to 0. As a consequence, 
Example 4
Let X and T (t) be chosen as in Example 3, and let λ n be any sequence in (− ) converging to 0. Then the semigroups e λ n t T (t) are all hypercyclic, and obviously they converge to T (t) in the operator norm, uniformly for t in compact intervals. However, as shown above, T (t) is not hypercylic.
Example 5
Before we construct our example, we prepare some technicalities about the Yosida approximation. For the beginning, let T (t) any C 0 -semigroup on some Banach space X and let A be its infinitesimal generator. We approximate T (t) by its Yosida approximation exp(A λ t) where
− λ id which exists for sufficiently large λ. .
Lemma 12. With the notation above, for all t > 0 and all sufficiently large λ,
exp(A λ t)x = e −λt x + ∞ 0 g(λ, t, s)T (s)x ds
Moreover, the Laplace transform h(λ, t, σ) of g(λ, t, s) with respect to s satisfies
Proof.
For the Laplace transform of g we obtain (λ, t, s) ds =h(λ, t, 0) = 1.
g(λ, t, s) ds
Moreover, for any power k, we can obtain the expectation
which yields the expectation and the variance for Z λ,t .
Lemma 14. With g as in Lemma 12, there exists a continuous, nonincreasing function
Proof. By Plancherel's Theorem we have
It is easy to see that the integrands in all three integrals above converge to 0 for fixed ν as τ → ∞.
In the first integral, the integrand can be bounded by the constant 4. The integrand in the second integral is dominated by
The third integrand is bounded by
with a suitable constant M > 0. Therefore by the dominated convergence theorem, w 1 (τ ), w 2 (τ ), and w 3 (τ ) converge to 0 as τ → ∞. Now put
Lemma 15. With g as in Lemma 12, the following inequalities hold for all λ, t, u, α > 0, β ∈ (0, t):
Proof. Let Z λ,t be as in Lemma 13. Chebychev's inequality implies
The second inequality of the lemma is a straightforward consequence of Lemma 14 and Hölder's inequality.
Lemma 16. Consider sequences (a i ) and (b i ) converging to infinity such that
and put
elsewhere.
Then for each fixed λ ≥ 1 we have
uniformly for h in compact intervals.
Proof. To show this assertion, we fix some compact interval [0, T ] and λ ≥ 1. Let t > 1 be sufficiently large and choose i such that
Using Lemma 15 several times, we obtain for 0 ≤ h ≤ T :
Note that 2
. Thus
.
Similarly, we have for k ≥ 2
t.
As t → ∞, we have also i → ∞, hence and the right hand side of the last estimate converges to 0 as claimed. Consequently, the trajectory of φ is not dense, and the semigroups exp(A λ t) are not hypercyclic.
Construction of Example 5:
Let 0 = a 1 ≤ b 1 < a 2 < b 2 · · ·ρ(t) = 1 for t ∈ [b i , a i+1 ], 2 −i ≤ ρ(t) ≤ 1 on [a i , b i ], ρ(t) ≤ e h ρ(t + h) for all t ≥ 0, h ≥ 0,
Example 6
Our last example will use another standard class of hypercyclic semigroups: Let ρ k be a sequence in R with the following properties
Let X := l p ρ be the set of all sequences (x n ) such that
